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Abstract 
Cohen, J.-A. and K. Koh, The structure of compact rings, Journal of Pure and Applied Algebra 
77 (1992) 117-129. 
In 1947 Kaplansky proved that if A is a compact ring with Jacobson radical /, then A/J is 
isomorphic and homeomorphic to a Cartesian product of matrix rings over finite fields. That 
result is used to give additional structure theorems for compact rings. In particular those 
commutative compact rings with identity for which 2 is a unit are characterized. Moreover. an 
analogue of a result of Andrunakievic and Rjabuhin is obtained, namely, that if A is a compact 
ring with identity such that A satisfies the ascending chain condition on closed ideals, then A is 
isomorphic and homeomorphic to a subdirect sum of compact local rings without zero divisors if 
and only if A has no nonzero algebraic nilpotent elements. 
1. Introduction 
If [7], Kaplansky proved that if A is a compact semisimple ring (that is, A is a 
semisimple ring and there exists a compact Hausdorff topology on A for which the 
mappings (x, y) + x - y and (x, y) + xy from A x A to A are continuous), then 
A is isomorphic and homeomorphic to a Cartesian product of finite simple rings 
(Theorem 16). Moreover if A is any compact ring, then the Jacobson radical J of 
A is closed (corollary to Theorem 13). Consequently by the Wedderburn-Artin 
Theorem, if A is a compact ring, then AN is isomorphic and homeomorphic to a 
Cartesian product of matrix rings over finite fields. In this paper, we use the 
above result to give additional structure theorems for compact rings with identity. 
Recall that a ring A with identity is a local ring if the set of nonunits in A is an 
ideal of A. Thus, in particular, a compact ring A with identity is a local ring if and 
only if A/J is a finite field. 
Let A be a compact ring with identity, let G denote the group of units in A, let 
A denote the set of elements g in G such that g* = 1 and let W be the subgroup of 
G generated by A. Denote the set of idempotents in A by E. In Section 2 we 
prove that if 2 is a unit in A, then the following statements are equivalent: 
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(1) JnE’={O}. 
(2) (1-t J) n il’= (1). 
(3) (1+ J) n W= {l}. 
(4) A is isomorphic and homeomorphic to n,,,, N,, where for each (Y in A, 
N, is the ring of m, x rnCe matrices over a finite field of odd characteristic or N, is 
a compact local ring with identity such that the characteristic of NC,IJCr is an odd 
prime, where 1, is the Jacobson radical of N,,. 
As a consequence of the above, we obtain a characterization of all compact 
commutative rings with identity for which 2 is a unit. 
Recall that if {S,,: (Y E A} is a collection of rings, a subring T of n,,,, Sn is said 
to be a subdirect sum of the rings S_ if for each p in A, S, = projfi( T) where projs 
is the canonical projection of n,,, , Sa to S, In [ 11. Andrunakievii- and Rjabuhin 
proved that if K is a nonzero ring, then K is isomorphic to a subdirect sum of rings 
without nonzero zero divisors if and only if K has no nonzero nilpotent elements 
(Theorem 2). In Section 3 we prove an analogue of this result for compact rings 
with identity, namely if A is a compact ring with identity such that A satisfies the 
ascending chain condition on closed ideals, then A is isomorphic and homeomor- 
phic to a subdirect sum of compact local rings without nonzero zero divisors if and 
only if A has no nonzero algebraic nilpotent elements. 
Henceforth, unless otherwise indicated, we assume that all rings are associative 
rings with identity. 
2. Idempotents and involutions 
Throughout this section, let A be a ring, let J denote the Jacobson radical of A 
and let G be the group of units of A. Let d be the set of involutions in A, that is, 
A = {g E G: g’ = l}, and let W be the subgroup of G generated by A. Denote the 
set of idempotents in A by E. Observe that if 2 is a unit in A, then the mapping 
g-+ 2-‘( 1 - g) is a bijection from A onto E. In order to avoid confusion, we will 
sometimes denote J, G, A, W and E by J(A), G(A), A(A), W(A) and E(A), 
respectively. 
Lemma 2.1. Let A be a ring such that 2 is a unit in A. Then A' fl(1 + ./) = (1) if 
and only if E2 n J = (0). 
Proof. Suppose A’ fl(1 + J) = { 1). Let e, and e, be elements of E such that 
e,e7 # 0. Suppose that e,e2 E 1. Let a = e,e2. As a E 1, 1 - a E G. Observe that 
either (1 - e,)u #O or a(1 - e,) #O. Indeed, if (1 - ez)u = 0= a(1 - e,), then 
e,u = a = ue, So e,e,e, = e,e2 = e,e,e,. Thus u2 = (e,e?e,)e? = (e,e2)e2 = e,ez = 
a. Hence a(1 ~ u) = 0 and as 1 - a E G, u = 0, a contradiction. Suppose then that 
u( 1 - e,) # 0. Denote a( 1 - e,) by b. Then b is a nonzero element of J and 6’ = 0. 
So (1 + b)(l - b) = 1. Note that (1 -2e,)(l + b)(l ~ 2e,) = 1 - b and that (1 + 
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b)=[(l -2e,)(l - b)](l -2e,). Let g= (1 -2e,)(l -b). Then g’=(l + b)(l - 
b) = 1 and 1 + b = g(l - 2e,) E A2 as (1 - 2e,)’ = 1. Therefore, as b is a nonzero 
element of J, A* f? (1 + .I)# {l}, a contradiction. A similar argument yields that 
A’n(l+J)#{l} if (l-e?)a#O. Thus E’nJ={O}. 
Suppose then that E’ fl J = (0) and that there exist g, and gZ in A such that 
g, g, # 1 but g,g, E 1 + J. Let e, = 2-‘(1 - gi) for i = 1,2. Then each e, E E and 
for i = 1 and 2, g, = 1 - 2e,. So (1 - 2e,)( 1 - 2e,) E 1 + 1, that is, -2(e, + e?) + 
4e,e2 E 1. As 2 is a unit in A, e, + e, -2e,e2 E J. Note that (1 - e,)e, = 
(1 - er)(e, + e2 - 2e,e2) E J. Moreover, e,(l - e2) = (e, + e2 - 2e,e,)(l - e7) E J 
as well. Therefore, as 1 - e, is an idempotent for each i, e,(l - e,) = 0 = 
(1 - cl)cz since E’n J= (0). Thus e, = e,el = e, and consequently g, = gz. 
Hence 1 = g,g,, a contradiction. So (1 + 1) n A’=jl}. 0 
Proposition 2.2. Let A be a ring such that (1 + J) n A’ = {l}. Then for all 
elements e in E and a in J, ea = ae. 
Proof. Suppose there exist e in E and a in J with ea # ae. Then either ea(l - e) # 
0 or (1 - e)ae #O. Without loss of generality, assume that ea( 1 - e) #O. Let 
b = ea(1 - e). Then b E J, b’ = 0 and as in the first part of the proof of Lemma 
2.1, 1 + b=[(l-2e)(l-b)](l-2e)EA”. Thus 1 + bE(l + J)nA’but 1 +b# 
1, a contradiction. II 
Lemma 2.3. Let A be a ring such that for all e in E and a in J, ea = ae. Suppose 
f E E is such that f + J is in the center of A IJ. Then f is a central idempotent of A. 
Proof. As f + J is in the center of A/J, for any x in A, fx - xf E J. Hence by 
assumption, f( fx - xf) = (fx - xf)f. So fx - fxf = fxf - xf and thus fx + xf = 
2fxf. So fxf + xf’ = 2fxf ‘, that is, fxf + xf = 2fxf. Therefore, xf = fxf. Similarly, 
fx = fxf. So f is in the center of A. 0 
Lemma 2.4. Let A be a compact ring such that 2 is a unit in A. The following are 
equivalent: 
(1) (1 + J) f’ A* = (1). 
(2) A is isomorphic and homeomorphic to nCrt, NCV, where for each (Y in A, NCti 
is the ring of m, x m, matrices over a finite field F, of odd characteristic or NCr is a 
compact local ring with identity such that the characteristic of NCIIJC, is an odd 
prime, where J, is the Jacobson radical of N,, 
Proof. Assume (1 + J(A)) n A2 = {l}. By Kaplansky’s structure theorem for 
compact rings [7, Theorem 16 and the corollary to Theorem 131, A/J(A) is 
isomorphic and homeomorphic to nrrE , M,, , where each M, is the ring of rzCr X nU 
matrices over a finite field F,. For simplicity of notation, assume that 
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A/J(A) = n,,., M,. For each (Y in A, let proj, denote the canonical projection of 
A/J(A) onto M, and let 1, and Ocl denote the multiplicative and additive identities 
of M, respectively. Let f, be the element in A/J such that projp( f,) = 0, if (Y # /3 
and proj cI ( f,, ) = 1 cI . Then f, is a central idempotent in A/J(A). Since A is a 
compact ring, by [7, Theorems 8 and 14 and Lemma 121, there exists an 
idempotent e, in A such that ecZ + J(A) =f,. By Proposition 2.2 and Lemma 2.3, 
e, is a central idempotent of A. 
We next show that A is isomorphic and homeomorphic to n,En e,A. Indeed, 
define f : A+n,,, , e,A by f(a) = fl,,=,,, ecpu for all a in A. Clearly f is a 
continuous ring homomorphism and as A is compact, f(A) is a compact and hence 
a closed subset of nInt, e,A. Note that if (Y and p are distinct elements of A, then 
eU efi = 0. Indeed, ecre,, E J(A) and e,ep is an idempotent of A. Consequently as 
each element of J(A) is a topological nilpotent [7, Theorems 8 and 141, e,es = 0. 
Therefore, for all a in A, f(ecru) = npE,, xp, where x, = e,a and for p # CY, xp = 0. 
Thus if (Y E A, then nBE, S, C f(A), where Su = e,A and for /3 # (Y, S, = (0). 
Therefore, as f(A) is compact, f(A) = nclE, e,A. Moreover, f is one to one. 
Indeed suppose a E A and ema = 0 for all (Y in A. First observe that zaE, e, 
exists. Indeed, as A is compact, there is a fundamental system of ideal neighbor- 
hoods of zero in A ([6, Theorem 3.5, p. 12, Theorem 7.7, p. 621 and [7, Theorem 
8 and Lemma 91). Since A is complete, it suffices to show that if U is an open ideal 
ofAandifM={uEA:eu~f},thenMisfinite.LetUbeanopenidealofA. 
Then A/U is a compact discrete ring and hence a finite ring. So A/U has finitely 
many idempotents. If LY and p are distinct elements of M, then eU + U f ep + U. 
Indeed, if e, + U = el, + U, then e, + U = ei + U = e,ep + U = 0 + U = U, a con- 
tradiction. Hence M is finite and so zaE., em exists. (Note: The above argument is 
an adaptation of one given by Seth Warner in an unpublished manuscript.) AS 
k: QI E A} is a set of orthogonal idempotents in A, c oE,, e, is an idempotent in 
A as well. Moreover, for each p in A, 
Consequently 1 - CuE, e,, is an idempotent in J(A) and is therefore 0 as each 
element of J(A) is a topological nilpotent [7, Theorems 8 and 141. So a = 1 . a = 
(C ut I ecX)a = 0 and hence f is an injection. Therefore, fis a continuous bijection 
from A onto nIat, eczA and thus is a homeomorphism as A is compact. 
Let LY E A. Then e,,A/e,J(A) = e,Ae,le,J(A)eu p M,. Therefore, e,A is a 
compact primary ring (see [7, p. 1661). Consequently by [7, Theorem 181, e,A is 
isomorphic and homeomorphic to the ring T, of m, X m, matrices over a 
compact local ring R12. So in order to prove that (2) holds it suffices to prove that 
when Ret is not a field, rncr = 1 and the characteristic of RU/J(RU) is an odd prime. 
Suppose then that RcI is not a field and that m, P 2. Let a be a nonzero element in 
J(R<?) and let x be the element in T, given by 
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0 . . 0 a 
0 . . . 0 ,y= . I .I . o... 0 
Then x is a nonzero element in J(Tu). Let e be the element in Tn defined by 
1 is . 0 ... 0 0 e= :I . . 
0 . ..() 
Then e is an idempotent in T,, ex(l-e)=x#Oandx’=O. Hence 
1 + x = [(l - 2e)(l - x)1(1 - 2e) E (1 + J(TCY)) fl (A(T(,))’ . 
Define x” in n,,, TP by, x” = n,,, xg, where x, = x and for p # CY, x/-( = 0,. 
Then 
but 1 + x” # 1, a contradiction since A z nBt, TP. Thus if R, is not a field, 
= 1. Moreover, as 2 is a unit in A, 2 is a unit in RU and hence 2 is a unit in 
::!J(RJ. Thus RalJ(R,) . IS a finite field whose characteristic is an odd prime. 
Conversely, suppose (2) holds. For simplicity of notation, assume that A = 
n,,,, N,. Clearly A(A) = fl,,,, A(NU) and J(A) = n,E.l J(N,). If N, is a matrix 
ring over a finite field, then J(NcY) = (0,); if N, is a compact local ring, then 
A(NCy) = { kl,} by Theorem 2.9 of [2]. (Here OU and lu denote the additive and 
multiplicative identities of N, , respectively.) Thus (1 + J(A)) n (A(A))’ = { 1). 
0 
Corollary 2.5. Let A be a compact ring such that 2 is a unit in A. The following 
are equivalent: 
(1) (1 + J) n A’= (1). 
(2) (1 + 1) n w= (1). 
Proof. Obviously (2) implies (1). Assume (1) holds. Thus A is isomorphic and 
homeomorphic to n,E,l N,, where each N, is the ring of m, X m, matrices over 
a finite field or NC? is a compact local ring in which 2 is a unit. In the latter case, 
A(N,) = {+lu}, h w ere 1, is the multiplicative identity of N, and hence W(N,) = 
{kl,}. In the former case, J(N,) = (O,), w h ere 0, is the additive identity of N, 
and W(N,) = (A(NU))” by [5]. Thus W(naE, N,) =n,,, W(Ncl) and as 
122 J.-A. Cohen. K. Koh 
So (1) implies (2). Cl 
Theorem 2.6. Let A be a compact ring such that 2 is a unit in A. The following are 
equivalent: 
(1) (l+J)nk={l}. 
(2) (l+J)nw={l}. 
(3) J n E’ = {O}. 
(4) A is isomorphic and homeomorphic to n,,,, N, , where for each CY in A, N, 
is the ring of m,, x m,, matrices over a finite held of odd characteristic or N, is a 
compact local ring with identity such that the characteristic of NulJ, is an odd 
prime, where J,, is the Jacobson radical of NC,. 
Proof. The result follows from Lemmas 2.1 and 2.4 and Corollary 2.5. 0 
Corollary 2.7. Let A be a commutative compact ring such that 2 is a unit in A. 
Then A is isomorphic and homeomorphic to n,,, , N,, where for each (Y in A, N, 
is a compact, commutative local ring with identity such that the characteristic of 
NC? IJ,, is an odd prime where J,, is the Jucobson rudical of N,, . 
Proof. Since A is commutative, E’ = E. By [7, Theorems 8 and 141, each element 
of the Jacobson radical of A is topologically nilpotent. In particular, 0 is the only 
idempotent in the Jacobson radical of A. The result then follows from Theorem 
2.6. 0 
Lemma 2.8. Let A be u ring such that 2 is a unit in A. Then (1 + J) n A = { 1). 
Proof. If a is a nonzero element of J such that 1 + u E A, then 1 = 1 + 2a + a2 and 
hence a(2 + a) = 0. But 2 + a E G and thus a = 0, a contradiction. 0 
The following corollary generalizes Theorem 3.2 of [2]: 
Corollary 2.9. Let A be a compuct ring for which 2 is a unit. The following are 
equivalent: 
(1) W is an abeliun group. 
(2) W=A. 
(3) A is isomorphic and homeomorphic to n,,,, N, , where for each cz in A, N, 
is a cornpact local ring with identity such that NCYIJ, is a finite field having odd 
characteristic, where J,, is the Jacobson radical of N,. 
The structure of compact rings 123 
Proof. The equivalence of (1) and (2) follows easily from the observation that 
g E A if and only if g = g- ‘. Theorem 2.6 and Lemma 2.8 yield that if (2) holds, 
then A is isomorphic and homeomorphic to rI,E.i N,, where for each (Y in A, N, 
is a compact local ring with identity such that Nn/J, is a finite field having odd 
characteristic or NC, is a matrix ring over a finite field having odd characteristic. So 
if (2) holds, then for each Q in A, W(Nu) 1s an abelian group. Note that as 2 is a 
unit in A, 2 . let is a unit in NO for all (Y in A, where l,, is the multiplicative identity 
of N,. Consequently for all (Y in A, e is an idempotent in N,, if and only if 
1 - 2e E A(NcE). If there exists an (Y in A for which NcZ is the ring of m X m 
matrices over a finite field where m > 1, then there exist idempotents e and fin N, 
such that ef # fe and hence W(N‘,) is a nonabelian group, a contradiction. Thus 
(2) implies (3). Finally, by Lemma 2.8 of [2], if R is an arbitrary local ring for 
which 2 is a unit in R, then R has precisely two involutions, namely, * 1. Thus (3) 
implies (1). 0 
Note that in the above corollary, if (Al d enotes the cardinality of the set A, then 
IWI = 2”’ since each NC, has precisely two involutions. 
Theorem 2.10. Let A be a compact ring such that 2 is a unit in A. The following 
are equivalent: 
(1) For all g in G\(l), the order of g is even. 
(2) A is isomorphic and homeomorphic to n,,, , F,, where each F,, is a finite 
field of cardinality 2”<? + 1 for some positive integer n, and there exists a partition 
A,,..., A,, of A such that for each i, lsisn, and for LY and /3 in A,, F, is 
isomorphic to Fu. 
Proof. Clearly (2) implies (1). Suppose then that (1) holds. Then A is semisimple. 
Indeed, as 2 is a unit in A, (1 + J) n A = (1) by Lemma 2.7. Suppose there exists 
a nonzero a in J. Then the order of 1 + a is 2m for some positive integer m. Hence 
(1 + a)“’ E (1 + J) 17 A and (I + a)“’ # 1, a contradiction. Thus J = (0). Therefore 
by Kaplansky’s structure theorem for compact rings [7, Theorem 161, A is 
isomorphic and homeomorphic to nnE_, Mn, where each M,, is the ring of r, x ru 
matrices over a finite field F, Note that as 2 is a unit in A, the characteristic of 
each F, is an odd prime p,. For each cy, let IF, 1 = ~1:“~ where rn_ is a positive 
integer and let q, denote prCY. Suppose there exists an cy in A with r, 2 2. Then as 
the cardinality of the group G,, of units in M, is (46’ - l)( q> - q,,) . . * (q: - 
q,, ‘,,-‘), p, divides the cardinality of G,. Thus G, contains an element of odd order 
p, and consequently rJcIE,l MP contains a unit having odd order p,, a contradic- 
tion. So for each CY in n, rCX = 1. We may therefore assume that MCV = F, for all (Y 
in A. Moreover, as each unit in A\(l) has even order, each nonzero element in 
FO\{l,,} has even order as well, where 1, is the multiplicative identity of F,. Thus 
for all cy in A, q, - 1 = 2”ct for some positive integer n,. If {q,: cy E A} is an 
infinite set, then as the group of units in FCY is a cyclic group of order 2”cX for all a 
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in A, there exists a unit in ncE,, M, having infinite order, a contradiction. Thus 
{q,,: (YEA} is a finite set {q,, . . . , q,} having n elements. For each i, 15 i 5 n, 
let A, = { LY E A: q, = q,}. Then A,, A,, . . . , A,, is the desired partition of A. 0 
3. Compact rings having no nonzero algebraic nilpotent elements 
Let A be a ring, not necessarily with identity, and let I be an ideal of A. I is a 
completely semi-prime ideal provided that if a E A and there exists a positive 
integer n such that a” E I, then a E I. I is a completely prime ideal if whenever x 
and y are elements in A such that xy E I, either x or y is in I. Recall that a 
nonempty subset M of A is an m-system if 0 9 M and for all a, b in M, there exists 
an x in A with u x b E M. An ideal I of A is a prime ideal if A\Z is an m-system. 
Equivalently, I is prime if for all x and y in A, xAy C I implies that x E I or y E I. 
Observe that if M is a subset of A, then the right annihilator, M’, of M defined 
by M’ = {a E A: xa = 0 for all x in M}, is a right ideal of A. When M = {x} for 
some x in A, we will denote M’ by x’. Recall as well that if a E A, then a is a left 
(right) zero divisor if there exists a nonzero b in A such that ba = O(ab = 0). 
Lemma 3.1. Let A be a ring, not necessarily with identity, such that A contains no 
nonzero nilpotent elements. 
(1) Every one-sided zero divisor of A is a two-sided zero divisor of A. 
(2) For each x in A\(O), xr is a completely semi-prime ideal of A. 
Proof. Suppose a and b are elements of A such that ab = 0. Then (ba)(ba) = 
b(ab)a = 0. Thus by hypothesis, ba = 0. Consequently, (1) holds. Let x E A\(O). 
By a previous observation, xr is a right ideal of A. If a E xr and t E A, then xa = 0 
and so (xta)(xta) = (xt)(ax)(ta) = 0 as ax = 0. Thus xta = 0, that is, ta E x’. So xr is 
an ideal of A. Suppose now that y” E x’, where y E A and n is a positive integer. 
If xy = 0, then y E x’. Otherwise, (xy)y”-’ = 0 and so yrlP’ E (xy)‘. Since (xy)’ is 
an ideal of A, xy”- E (xy)‘, that is, (xy)xy”~ = 0. Continuing, (xy)” = 0 and 
hence xy = 0 by assumption. Therefore, y E x’. 0 
Lemma 3.2. Let A be a ring, not necessarily with identity, containing no nonzero 
nilpotent elements, let P be a prime ideal of A and define 0, by, O,, = {x E 
A: ax = 0 for some a E A\P}. Then 0, is a completely semi-prime ideal of A 
contained in P. 
Proof. Let x,y E O,,. Then there exist a and b in A\P such that ax = 0 = by. Since 
P is prime, there is an element c in A such that acb E A\P. In order to prove that 
x-yEO,,, it suffices to prove that acb(x - y) = 0. Note that by the previous 
lemma, since ax = by = 0, xa = yb = 0 as well. Obviously achy = 0. Moreover, 
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acbx = 0 since if (acb)x # 0, then x(acb) # 0, a contradiction. Thus acb(x - y) = 0 
and so x-y~0,. A similar argument yields that if x E 0, and b E A, then 
xb,bx E 0,. So 0, is a two-sided ideal of A. If ax = 0 for some u$P and x E A, 
then x E a’ and hence by Lemma 3.1, Ax C a’. Thus uAx = (0). Hence x E P, that 
is, 0, C P. Finally suppose a” E 0, for some a E A and some positive integer II. 
Let b E A\P be such that bu” = 0. Arguing as in the proof of Lemma 3.1, 
(bu)” = 0 and hence ba = 0. Therefore, a E 0, and so 0,, is a completely 
semi-prime ideal of A. 0 
The following theorem is a consequence of Theorem 1 of [l]. However, for the 
sake of completeness, we include its proof. 
Theorem 3.3. Let A be a ring such that A has no nonzero nilpotent elements and 
let P be a prime ideal of A. Then P is a minimal prime ideal of A if and only if 
P = 0,. In this case, P is a completely prime ideal. 
Proof. Suppose P = 0,. Then A/P is a ring with no nonzero nilpotent elements 
by Lemma 3.2. If x,y E A\P and xy E P, let a E A be such that xuygP. By 
Lemma 3.1, the right annihilator (x + P)’ of x + P in A lP is a two-sided ideal of 
A/P. By assumption, y + P E (x + P)‘. Thus (a + P)( y + P) E (x + P)’ and hence 
xay E P, a contradiction. So if x,y E A\P, then xy@P and hence P is completely 
prime. If P’ is a prime ideal contained in P, let x E P = Or, and let a E A\P be 
such that ax = 0. Then x E a’ and so for any y E A, yx E a’ by Lemma 3.1. Thus 
uAx = (0) & P’. Therefore, as a ~2 P’ and P’ is a prime ideal of A, x E P’. Hence 
P’ = P. 
Conversely, suppose that P is a minimal prime ideal of A and that 0, $ P. Let 
a E P\O,. As 0, is completely semi-prime, if n is any positive integer, then 
a” $?’ O,,. Let M = A\P and define T c A by 
T = {r E A\(O): r = u”x,aZ2x2 . . . u’~~x,,u’J~ + 1 , 
where n, i,, . . . , i,,+, are nonnegative 
integers and x,, . . , x,, E M} 
Observe that if x and y are nonzero elements in A such that xy = 0, then 
xAy = (0) as y E x’, a two-sided ideal of A by Lemma 3.1. An induction argument 
then establishes that if z, , . , z, are elements of A such that z, . . z, = 0, then 
Az,A . . . z ,_,Az,A = (0). Let t, and t, be elements of T. Then t,t, E T. Indeed, 
if t,t2@T, let 
t, = a’lx, . . . a’“x,,u’“i I and t2 = ally, . . . a'my,,,aJm*l , 
where x, , . . . , x,, , y, , . . . , y,, E M and i, , . . . , i,,. , , j, , . , j,,. , are nonnega- 
tive integers. Since t,t, jZT, t, t, = 0. So by the above observation, if 1 = 
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i, + . . . + i,?+, +j, + . . . +j,,l+,, then 
0 = (a’x, . . . x,,y, . . . y,J 
for some integer k. Hence a/x, . . . x,]y, . . . y,,, = 0. Choose elements 
rl, . . 7 rrr, s 1’. . . , s ,,r_, in A with 
x,r, ‘. . x,,r,,y ISI . . . SW IY,, E M 
Then 
/ 
ax,r, . . .X,,Y,1YISI . . . SW IY,,, =0 
and so a’ E 0,. Thus by Lemma 3.2, a E O,,, a contradiction. So as A is a ring 
with identity, T is an m-system. Let I be an ideal of A which is maximal with 
respect to the property that T n I = PI. Then Z is a prime ideal of A and Z 2 P. But 
P is a minimal prime ideal of A, a contradiction. Therefore, P = O,,. 0 
Lemma 3.4. Let A be a ring such that A contains no nonzero nilpotent elements. If 
x is any nonzero element in A, then the right annihilator, x’, of x is contuined in a 
minimal prime ideal P of A such that P fI {x” : n is a nonnegative integer} = 0. 
Proof. Let 
Y = {I: Z is an ideal of A, xr c Z and 
Z n {x”: n is a nonnegative integer} = 0} . 
As xr E .ip, Y # 0. Order Y by set inclusion. By Zorn’s Lemma, there exists a 
maximal element L in 9. It is easy to verify that L is a prime ideal of A. 
Now let Y’ = {I E Y: Z is prime}. As L E Y’, Y’ # 0. Order 9’ by reverse set 
inclusion, that is, I, 5 Z2 if and only if Z1 C I,. Once again Zorn’s Lemma applies 
and so there exists a maximal element Z in y’. If P, is a prime ideal of A 
contained in I, then x’ c P,. Indeed if y E x’, then xy = 0 and hence by Lemma 
3.1, xAy = (0) c P,. Since xgf, x@P,. Consequently, y E P,. Therefore, P, E 
Y’ since P, c Z implies that P, n {x”: n is a nonnegative integer} = 0. So by the 
maximality of I, P, = I. Thus Z is a minimal prime ideal of A. 0 
Lemma 3.5. Let A be a ring having no nonzero nilpotent elements. Let Y = {P: P 
is a minimal prime ideal of A}. Then n pE!/ P = (0). 
Proof. Let x be a nonzero element in A and let Z be a minimal prime ideal of A 
such that Z O {x”: n is a nonnegative integer} = 0. (The existence of Z is guaran- 
teed by Lemma 3.4.) Then xfll and hence x@ n I,E, P. Thus n _, P = 
(0). 0 
Lemma 3.6. Let A be a compact ring such that A contains no nonzero algebraic 
nilpotent elements. If A satisfies the ascending chain condition on closed ideals, 
then for every prime ideal P of A, there exists x in A\P such that 0, is the right 
annihilator, x’, of x. Consequently for each prime ideal P of A, 0, is a closed ideal 
of A. In particular, if P is a minimal prime ideal of A, then P is closed in A. 
Proof. By definition, 0, = UxEA,P x’. Let x, ,x, E A\P and let a E A be such 
that x,ax, E A\P. Clearly (x,)’ c (x,ax,)‘. Moreover, as yz = 0 if and only if 
zy = 0 (by Lemma 3.1), (x,)‘-i ( x,axz)‘. So (x,)‘U (x?)~ C (x,ax,)‘. Notice that 
for each x in A\{O}, xr is a closed subset of A since the mapping a- xa is 
continuous and consequently by Lemma 3.1, xr is a closed ideal of A. Therefore, 
by the above observation, as A satisfies the ascending chain condition on closed 
ideals, there exists an element x in A\P such that O,, = x1. The last statement of 
the lemma follows from Theorem 3.3. 0 
Corollary 3.7. Let A be a compact ring such that A contains no nonzero algebraic 
nilpotent elements and A satisfies the ascending chain condition on closed ideals. 
Then for each prime ideal P of A, AIO,, is a compact ring with identity. 0 
Theorem 3.8. Let A be a compact ring such that A satisfies the ascending chain 
condition on closed ideals. The following are equivalent: 
(1) A contains no nonzero algebraic nilpotent elements. 
(2) A is isomorphic and homeomorphic to a subdirect product of compact local 
rings with identity, each having no nonzero zero divisors. 
Proof. Assume (1) holds. Let { PcV: CY E A} be the set of minimal prime ideals of 
A. By Theorem 3.3 and Corollary 3.7, for each (Y in 11, A/P, is a compact ring 
having no nonzero zero divisors and hence is a local ring by [4, Lemma 11. By 
Lemma 3.5, ncyE, P,, = (0). Define 7r : A+ ncrt, A/P‘, by r(a) = Ilot, (a + 
P,) for all a in A. 7r is clearly a continuous isomorphism from A onto n(A). 
Moreover, as A is compact, rr is a closed map and therefore a homeomorphism 
from A onto r(A). Obviously r(A) is a subdirect sum of n,, E , A/P<” and hence 
(2) holds. Clearly (2) implies (1) as well. 0 
Theorem 3.9. Let A be a compact ring such that A contains no nonzero algebraic 
nilpotent elements. The following are equivalent: 
(1) Every completely prime ideal of A is open. 
(2) A=‘n:I=, F,, where each F, is a finite field. 
Proof. Clearly (2) implies (1). Suppose (1) holds. If P is a minimal prime ideal of 
A, then P is completely prime by Theorem 3.3 and therefore open. Thus A/P is a 
discrete compact ring and hence a finite field since P is completely prime. 
Moreover, by Lemma 3.5, if {P,,: a E A} is the set of minimal prime ideals of A, 
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then n uE,i Pa = (0). As in the proof of the previous theorem, A is isomorphic 
and homeomorphic to a subdirect sum of ncXE,, A /Pa. In particular, A is 
commutative. A is semisimple as well by [S, Theorem 38, p. 13.51. So by 
Kaplansky’s structure theorem for compact rings [7, Theorem 161, A is iso- 
morphic and homeomorphic to n pE,. Fp, where for each /3 in r, Fp is a finite field 
and where n BE,. Ffi has the product topology. Let I be the ideal of npE,. Fp given 
bY 
I = n up: aa is the additive identity of F0 
pgl‘ 
If r is infinite, then I is a proper ideal of n,,,- Fp whose closure is npE,. Fp. 
Therefore, if r is infinite, then I is contained in a maximal ideal M of HOE,. Fp, 
where M is not a closed subset of n,,=,. Fp. Thus M is a completely prime ideal of 
ngE,. Fp but M is not an open ideal of n,,,. Fp, a contradiction. So r is 
finite. q 
Lemma 3.10. Let A be a compact local ring such that IA/J1 = q. Then there exists 
aunitfinAoforderq-1. 
Proof. Let {B,: h E A} be a fundamental system of ideal neighborhoods of zero 
in A. (Such a system exists by [7, Lemma 9, p. 1601.) We may assume that J = B,,, 
for some h,, E A and for each A E A, B, c J. For each A E A, A/B, is a finite local 
ring with identity and IA/B,1 = p”^ for some positive integer nh 2 k, where 
pk = IA/J1 andp is prime. Furthermore, I(AIB,)I(JIB,)~ = IA/J1 = pk. Therefore, 
as [Gil + J] =pk - 1, (I1 + J/l + B,I, IGil + JI) = 1 for all A in A. Hence by the 
Schur-Zassenhaus Lemma [9, Theorem 25, p. 1621, 
is a split exact sequence for all A in A. Let F, be a monomorphism of 1 + J/l + B, 
into G/l + B,. Let g,, be a cyclic generator of Gil + J. Let f,( g,,) be that element 
of G such that F,( S,,) = f, (g,,) + B,. Consider the net { f, (g,,): A E A} in G. Since 
G is compact, there exists an element g,, in G and a subnet { f,( g0): i E E} of 
{f,(&): A E A} such that f-I,_ B, = (0) and {f,( &): i E E} converges to g,. Let 
m = ]G/l + 11. Then for each i in E, (f,( 8,,))“’ E 1 + B,. So 1 = lim,,, (f,( c,,))m = 
sly. Suppose lsn<m. As the order of g,, is m, there exists an i in E with 
(f;(&))” gl + B,. S o gl; # 1. Therefore, the order of g,, is m. 0 
In [4], Cude proved that if A is a compact ring (not necessarily with identity) 
having no nonzero zero divisors, then the following are equivalent: 
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(i) A is commutative. 
(ii) The center of A is open. 
(iii) J is commutative. 
(See Theorem 6 and its proof.) 
The following is a generalization of Cude’s result in the case where A has an 
identity. 
Theorem 3.11. Let A be a compact local ring with no nonzero algebraic nilpotent 
elements. If J is commutative, then so is A. 
Proof. Since A is a compact local ring, A/J is a finite field of cardinality q. Thus 
by Lemma 3.10 and [3, Lemma 4.21, there exists a unit fin G of order q - 1 such 
that G = (1 + J) . (f) and (1 + J) fl (f) = (1). Therefore, if J is commutative, in 
order to show that A is commutative as well, it suffices to show that af = fa for all 
a in J. Let a E J. Then af, fa E J and so ( fa)’ = f(af)a = fa(af) = fa’f. Moreover, 
(af)’ = a( fa)f = (fa)af = af’a. Thus (af - fa)” = (af)’ - af’a - fa’f + ( fa)’ = 0 
and so af - fa = 0 by hypothesis. 0 
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